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Abstract
A transient one-dimensional two-phase model is used to obtain an explicit light-off criterion and to estimate the transient time and

cumulative cold-start emissions from a catalytic monolith for the case of nonuniform catalyst loading. The light-off criterion can predict the

nature of ignition (front-end, middle or back-end). For a fixed amount of metal loading, redistribution of the catalyst appropriately (with more

catalyst near the inlet) favors front-end ignition in the monolith and reduces the cumulative cold-start emissions substantially. It is also found that

there exists an optimal washcoat thickness and/or metal loading, above which the performance of the converter does not improve significantly

while below this optimum, the transient time and cumulative emissions can be reduced by increasing the washcoat thickness or metal loading.

For the case of front-end ignition, it is also found that the total transient time is the sum of ignition and the front-propagation times. We present

analytical expressions for both these times and show how they may be used to estimate cumulative cold-start emissions. Numerical simulations

validate the analytical design criteria presented. Finally, some strategies for minimizing cumulative cold-start emissions are discussed.

# 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The monolithic reactor is the most common and widely

used catalytic reactor today, with an estimated 600 million

units in use in automobiles alone. It also finds applications

in the oxidation of VOCs, catalytic partial oxidation of

hydrocarbons and removal of NOx from power plant and

furnace exhaust gases. The monolith reactor is a large

number of small, long channels of diameter 0.5–2 mm and

length 5–20 cm in parallel through which the reacting fluid

flows. The catalyst (containing the precious metals such as

Pt, Pd and/or Rh) is deposited on the walls of the monolith

channels as a porous washcoat. Due to the small channel

dimensions, the flow is laminar in most cases with

Reynolds numbers in the range 100–1000. The reactants

(CO, HC and/or NO) enter the monolith channel and react

at the catalyst sites within the porous washcoat. Catalytic

converters used in automobiles require designs that lead to
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very low cold-start emissions. When the converter is cold,

the entering reactants leave the reactor unreacted and the

exit concentration is very high during this period. At

steady-state, when the converter is ignited and hot, the exit

concentration reduces. To minimize the cold-start emis-

sions, we need to minimize the transient time as well as

increase the steady state conversion. The complex coupling

between the various physical and chemical processes

involved in catalytic converters and the large number of

design and operating parameters makes it difficult to

simulate the behavior in the multidimensional parameter

space without sufficient theoretical analysis and guidance.

The focus of this work is to present such analysis and to

obtain design criteria that may be used to minimize

cumulative cold-start emissions.
2. Literature review

There is extensive literature during the last three decades

describing both the experimental and modeling aspects of
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Nomenclature

acðxÞ catalyst distribution function along the channel

length

Ar frequency/pre-exponential factor

C concentration (mol/m3)

Cm;in inlet fluid concentration

De effective diffusivity of reactant in the washcoat

Dm diffusion coefficient in the fluid phase

E activation energy

Ecum cumulative emissions (mol)

hðxÞ position-dependent heat transfer coefficient

kcðxÞ position-dependent mass transfer coefficient

kf fluid thermal conductivity

kv first-order rate constant per unit washcoat

volume

kw solid thermal conductivity

L length of the monolith channel

Mw molecular weight

N number of channels in the monolith

NR number of reactions

NuðzÞ Nusselt number

Peh heat Peclet number

Rg universal gas constant

RV one-fourth the channel hydraulic diameter

ShðzÞ Sherwood number

t time

T fluid temperature

Tf;in inlet fluid temperature

ū average fluid velocity in the channel

W mass flow rate

x coordinate along the length of the channel

y transverse coordinate

Greek letters

a1 numerical constant to determine exit conversion

dc effective thickness of the washcoat

ds half thickness of the support

dw effective wall thickness

h effectiveness factor

j washcoat Thiele modulus

Subscripts and superscripts

f fluid phase and/or cup-mixing

m cup-mixing

s solid phase
monolith reactors. Articles by Hegedus [1], Heck et al. [2],

Young and Finlayson [3] and Boersma et al. [4] are amongst

the first that describe both the experimental and modeling

work on catalytic monoliths. Review articles by Cybulski

and Moulijn [5], Groppi et al. [6] and books by Becker and

Pereira [7], Hayes and Kolaczkowski [8] summarize the

recent progress. Groppi et al. [9] and Tronconi and Forzatti
[10] had done a comparison of the lumped and distributed

models used for modeling catalytic monoliths.

The transient behavior of catalytic monoliths was also

studied widely in the literature. Oh and Cavendish [11]

presented transient calculations on catalytic monoliths

using a one-dimensional two-phase model. Please et al.

[12] and Kirchner and Eigenberger [13], studied the light-

off and dynamic behavior of catalytic converters,

respectively. Leighton and Chang [14], Keith et al. [15]

analyzed the propagation of the ignition front using a two-

phase model with constant transfer coefficients with very

low or zero solid conduction. Kirchner and Eigenberger

[16] suggested using an electrically preheated catalyst to

improve the cold-start performances. The models con-

sidered by these authors assume that the washcoat

diffusion is negligible but it was found that the washcoat

diffusion does have a profound influence on the light-off

behavior [17].

Some studies also focused on the influence of nonuniform

catalyst loading on the performance of catalytic monoliths.

Oh and Cavendish [11] studied the effect of linearly

increasing and decreasing activity profiles. Psyllos and

Philippopoulos [18] observed that a parabolic activity

distribution (decreasing from entrance to exit) reduces the

warm-up time. Cominos and Gaviriilidis [19] found that an

exponentially decreasing activity profile favors light-off

near the inlet and also helps in alleviating the temperature

gradients. Ramanathan et al. [20] also analyzed the steady-

state behavior of catalytic monoliths with nonuniform

catalyst distribution.

Most of these earlier studies were confined to specific

cases and/or uniform catalyst distribution and a systematic

analysis of the transient behavior was lacking. Tronci et al.

[21] found that a monotonically decreasing or a two-zone

catalyst distribution with more catalyst near the inlet leads to

the minimal cold-start emissions. This work concentrated on

obtaining the optimal activity profile for a specific set of

parameters and considered the case of no washcoat

diffusion. Ramanathan et al. [22] presented a detailed

analysis of the effect of various design and operating

variables on the cumulative emissions and also suggested

ways to obtain optimal designs. A systematic study of the

transient behavior of catalytic monoliths analyzing the

different processes involved (kinetically controlled, ignition,

front propagation, mass transfer controlled regime) is

currently lacking. Such a study helps in obtaining optimal

design of catalytic monoliths to reduce the cold-start

emissions.
3. Mathematical model

Depending on the level of detail included, the mathe-

matical models for catalytic monoliths may be classified into

four groups. The first class of models is the pseudohomo-

geneous type where the temperature and concentration
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difference between the fluid and the solid is assumed to be

negligible and a single equation (one for each species and an

energy balance) for both the phases is written. This type of

model cannot predict the different regimes (kinetically

controlled and mass transfer controlled) that usually exist in

these catalytic reactors. Also, these models do not capture

many of the observed qualitative features of the catalytic

monolith reactor. The next level model is the two-phase

model, which is the most widely used model for these

reactors. Here, a separate equation is written for both the

solid and the fluid phases and these are obtained by

averaging the full convection–diffusion–reaction equations

in the transverse direction. These models, which have been

tested extensively in the past thirty years, capture all the

qualitative features of the reactor and the quantitative

predictions are also quite accurate. These can also predict

the different regimes (kinetically controlled and mass

transfer controlled) and the ignition behavior accurately.

The two-phase model, also helps in obtaining analytical

results which sometimes are of great practical importance.

The third level of models extend the two-phase model by

replacing the overall kinetics by the detailed chemistry of the

reactions at the catalytic sites (micro-kinetics). Just like the

two-phase model, these capture the qualitative and

quantitative features of the monolith reactor quite accu-

rately. The computational time for these models is much

higher compared to the two-phase model with overall

kinetics because of the inclusion of the detailed chemistry

coupled with the fluid flow equations. The fourth level of

model is the complete convection–diffusion–reaction equa-

tion with detailed chemistry. While these can capture the

quantitative and qualitative features accurately, these are not

practical to use (especially when the objective is to explore

the parameter space and evaluate various designs) because of

the computational time involved in solving a large number of

partial differential equations.

In this work, we use the two-phase model with overall

kinetics and assume a single reaction. The model is the

same as that developed by Ramanathan et al. [17] and is

given by

ū
@Cm

@x
¼ � kcðxÞ

RV
ðCm � CsÞ (1)

@T hðxÞ

ūrfcpf

f

@x
¼ �

RV
ðTf � TsÞ (2)
kcðxÞðCm � CsÞ ¼ acðxÞRvðCs; TsÞdch (3)

2

dwrwcpw
@Ts

@t
¼ dwkw

@ Ts

@x2
þð�DHRÞacðxÞRvðCs;TsÞdch

� hðxÞðTs � TfÞ (4)

2

De
@ C

@y2
¼ acðxÞRvðC; TsÞ; 0< y< dc (5)
@C

C ¼ Cs at y ¼ 0;

@y
¼ 0 at y ¼ dc (6)

hdcacðxÞRvðCs; TsÞ ¼ �De
@C

@y

����
y¼0

(7)

Cm ¼ Cm;inðtÞ; Tf ¼ Tf;inðtÞ at x ¼ 0 (8)

@Ts

@x
¼ 0 at x ¼ 0; L (9)

Tsðx; t ¼ 0Þ ¼ Ts0ðxÞ (10)

The fluid and solid phase species and energy balances are
given by Eqs. (1)–(4). Eqs. (5) and (6) describe the reactant

concentration profile in the washcoat while Eq. (7) gives
the washcoat effectiveness factor ðhÞ. Eqs. (8)–(10) define

the boundary and initial conditions. Here, x and t represent

the axial coordinate along the channel and time, respec-

tively. Tf and Cm represent the cup-mixing temperature and

concentration in the fluid phase while Ts and Cs denote the

solid phase temperature and the reactant concentration at

the fluid–solid interface. acðxÞ is the normalized activity

(catalyst distribution) profile along the channel

(ð1=LÞ
R L

0 acðxÞ dx ¼ 1) and RvðC; TÞ is the intrinsic reac-

tion rate per unit volume of washcoat [ RvðC; TÞ ¼
RsðC; TÞSv, where RsðC; TÞ is the rate based on unit internal

surface area and Sv is the internal surface area per unit

washcoat volume.] RV is the effective transverse (diffusion

or conduction) length scale (RV ¼ AV=PV; AV ¼ channel

cross-sectional area open to flow, PV ¼ channel perimeter

open to flow. RV ¼ dh=4, dh ¼ channel hydraulic dia-

meter), dc is the effective washcoat thickness (defined as

the volume of the washcoat over the fluid–washcoat inter-

facial area) and dw is the effective wall thickness (defined as

the sum ds þ dc, where ds is the half-thickness of the solid

wall without washcoat). In Eqs. (5)–(7), y is the local

distance (from fluid–washcoat interface) coordinate in

the washcoat and h is the internal effectiveness factor in

the washcoat.

The coefficients of the accumulation and conduction

terms in the solid-phase energy balance could be written

more explicitly as

dwrwcpw ¼ ½dcrccpc þ dsrscps� (11)
dwkw ¼ ½dckc þ dsks�; (12)

where the subscript s (c) refers to the support (catalyst or

washcoat). De and Dm are the effective diffusivities of the

reactant in the washcoat and fluid phase, respectively. The

other symbols have their usual meaning and are explained in

the notation section.

The following expressions describe the local heat and

mass transfer coefficients in the monolith channel when the
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flow is laminar and fully developed at the entrance:

ShVðxÞ ¼
kcðxÞRV

Dm

¼
0:82

R2
Vū

xDm

� �1=3

0< x<
R2
Vū

Dm

3:28

ShH1;1

� �3

ShH1;1
4

x
 R2
Vū

Dm

3:28

ShH1;1

� �3

8>>>>><
>>>>>:

(13a)
NuVðxÞ ¼
hðxÞRV

kf

¼

0:82
R2
Vūrfcpf

xkf

� �1=3

0< x<
R2
Vūrfcpf

kf

3:28

NuH1;1

� �3

NuH1;1
4

x
 R2
Vūrfcpf

kf

3:28

NuH1;1

� �3

8>>>>>>>>>><
>>>>>>>>>>:

(13b)

A detailed theoretical basis for the above correlations is

presented elsewhere [23,24]. The above model is valid for

any arbitrary channel shape and washcoat profile, provided

dc �RV. (In practice, this condition is satisfied since dc is

around 10–50 mm while RV is around 200–300 mm).

Table 1 gives the asymptotic constants for some common

channel shapes. The second column of the table defines the

effective diffusion length, RV for the channel. The third

column gives the asymptotic Nusselt/Sherwood number for

a wall catalyzed reaction for the case of slow reaction

(NuH2
=ShH2

). The fourth column gives the Nusselt/

Sherwood number for the case of slow reaction but with

uniform concentration/temperature along the perimeter

(NuH1
=ShH1

). The fifth column of the table gives the

asymptotic Sherwood (Nusselt) number for the case of

fast reaction (or constant temperature/concentration

boundary condition). The sixth column gives the friction

factor while the last column gives the Fourier weight for

predicting the conversion in the mass transfer controlled

regime. Some numerical values listed in this table are taken

from Shah and London [25] while others are computed

using the procedure outlined by Balakotaiah and West [24].

The asymptotic Sherwood/Nusselt numbers and friction

factors given in Table 1 are for channels with very thin

washcoat. When the addition of washcoat changes the

geometrical shape (and the flow area) of the channel, these

constants have to be modified accordingly.

In this work, we shall use first-order kinetics (RvðC; TÞ ¼
kvðTÞC ¼ Ar expð�E=RgTÞC, Ar is the frequency/pre-

exponential factor having units of inverse time) and assume

that the reaction is exothermic. This case allows us to obtain

some general results (valid for monotone kinetics) and
qualitative trends that describe the transient performance of

the monolith. [The generalization of the results to nonlinear

kinetics and multiple reactions is discussed in the last

section.] For the case of first-order reaction, Eqs. (5)–(7)

can be solved analytically and the effectiveness factor h is

given by

h ¼ tanhðdc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kvðTsÞacðxÞ=De

p
Þ

ðdc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kvðTsÞacðxÞ=De

p
Þ

(14)

The solid phase concentration can be eliminated using

Eq. (3) and is related to the fluid phase concentration

by

Cs ¼
Cm

1 þ ðacðxÞhkvðTsÞdc=kcðxÞÞ
(15)

Depending on the magnitude of the second term in the

denominator of Eq. (15), the monolith reactor may be either

in the kinetically controlled or mass transfer controlled

regime. In the kinetically controlled regime, the fluid to

solid mass transfer is much faster compared to the reaction

rate and hence the fluid and solid phase concentrations are

almost equal (Cs �Cm) and the second term in the denomi-

nator of Eq. (15) is much smaller than unity. When the

reaction in the washcoat is much faster compared to the mass

transfer from the fluid to the solid phase, which is usually the

case after the monolith is ignited, the monolith is said to be

in the mass transfer controlled regime and the concentration

at the solid–fluid interface is close to zero (Cs ’ 0) and the

second term in the denominator of Eq. (15) is much greater

than unity.
4. Light-off and cumulative emissions

We now explain briefly light-off and cumulative

emissions. By ignition or light-off we mean that the

steady-state bifurcation diagram of exit solid temperature

TsðLÞ (or fluid phase exit conversion) versus the inlet fluid

temperature Tf;in is a S-shaped diagram with the ignition

point in the feasible region. The shift from kinetically

controlled regime to mass transfer controlled regime is

characterized by ignition in the monolith.

Catalytic converters used in automobiles are aimed at

reducing the cumulative cold-start emissions. The cumula-

tive emissions (in moles) for a single channel may be

expressed as

Ecum ¼ AVū

Z t

0

Cmðt0; LÞ dt0

If the total mass flow rate is W (g/s), and the number of

channels is N, the flow-rate through each channel is given

by

AVū ¼ W

Nrf
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Table 1

Effective diffusion length and asymptotic constants for some common channel geometries

Channel shape RV NuðShÞH2 ;1 NuðShÞH1 ;1 NuðShÞT ;1 f Re a1

a
2 4.364 4.364 3.656 16 0.81905

a 8.235 8.235 7.541 24 0.91035

a
2
ffiffi
3

p 1.893 3.111 2.497 13.33 0.7753

a
2
2a
3

3a
4

3.089

3.023

2.97

3.608

4.123

4.795

2.977

3.392

3.956

14.23

15.55

17.09

0.8074

0.7891

0.7695

0.385a 2.731 3.649 2.966 14.65 0.7872

ffiffi
3

p

4 a 3.861 4.002 3.34 15.05 0.8156
Thus, the cumulative emissions from the start (t ¼ 0) to time

t, in grams may be expressed as

Mcum ¼ NEcumMw ¼ W

rf

� �
Mw

Z t

0

Cmðt0; LÞ dt0 (16)

where Mw is the molecular weight of the reactant species. In

Fig. 1, we replicate the graph produced by Oh and Cavendish

[26] for cumulative emission of carbon monoxide for the

standard converter. The plot shows the measured inlet and

exit cumulative concentration as a function of time. By

having a closer look of the figure, we could identify three

regions. The first region (OA in Fig. 1) is the initial transient

period, where the monolith is cold and is in the kinetically

controlled regime. In this region, the surface concentration

and the fluid phase concentrations are approximately the

same, the reactant conversion is low (or emissions from the

monolith are high). The third region (BC in Fig. 1) is where

the monolith is ignited and is in the mass-transfer controlled
regime (which is also the steady state asymptote) where the

surface concentration (over the ignited length) is much less

than the fluid phase concentration and the exit reactant

conversion is high (or low emissions). The second region

(AB in Fig. 1) is the transient period during which an

ignition front propagates through the monolith. During this

period, the ignited length of the monolith increases with time

attaining a steady-state value at B. It should be pointed out

that when there is no ignition in the monolith these three

regions cannot be differentiated. Fig. 2 shows a plot of the

total cumulative emissions (in grams) for a typical set of

parameters obtained by simulation of our model equations.

[Unless otherwise mentioned, we always show the total

cumulative emissions in the figures and not the cumulative

emission from a single channel. In practice, the emissions

per unit distance (g/mile) are of interest. This number can be

obtained by dividing Mcum by the distance traveled, which is

around 15 miles for t ¼ 30 min.] Again, the plot shows three

clearly defined regions. The difference between Figs. 1 and 2



K. Ramanathan et al. / Catalysis Today 98 (2004) 357–373362

Fig. 1. Cumulative CO emission plot for the standard catalytic converter

[26].
is observed in the region AB. In our simulations, we assume

that the inlet concentration is constant with time whereas the

work done of Oh and Cavendish accounts for inlet concen-

tration varying with time. [It should be noted that we include
Fig. 2. Cumulative emission plot for typical parameter values (listed in

Table 2).
the changes of inlet temperature with time like in the FTP

cycle.] For the cumulative emissions to be lower, the tran-

sient time (from t ¼ 0 to t ¼ tA ¼ tign) should be lower and

the steady-state conversion should be higher (or the slope of

steady-state asymptote should be very small). Heat is trans-

ferred from the fluid to the solid until ignition after which the

heat transfer is reversed. The occurrence of ignition in the

monolith is represented by point A in Figs. 1 and 2. Once

ignited, the temperature front travels upstream or down-

stream (or both) depending on the location where ignition

first occurs.

In the transient asymptote (OA in Fig. 2), the exit

conversion is very small and hence the exit concentration

can be approximated by Cm;exitðtÞ�Cm;in and the cumu-

lative emissions in the transient asymptote (t< tign) is given

by

McumðtÞ�
W

rf

MwCm;int (17)

The steady-state exit conversion depends on the channel

dimensions and the geometry of the channel. Once the

monolith is ignited (BC in Fig. 2), the exit concentration is

given by [24]

Cm;exit ¼ Cm;ina1 exp �
ShT;1LignDm

4R2
Vū

 !
(18)

where a1 is the Fourier weight and is equal to 0.819 for a

fully developed laminar flow in a circular duct, ShT;1 is

the asymptotic Sherwood number for constant wall con-

centration case and Lign is the ignited length of the

monolith (or the length of the monolith in the mass transfer

controlled regime). As can be seen, after ignition, in the

mass transfer controlled regime, the exit concentration

depends only on the channel geometry (ShT;1), channel

dimensions (RV and L), and the effective channel resi-

dence time (Lign=ū) and not on the reaction parameters. For

the case of front-end ignition, we could get approximate

analytical expression for the exit conversion and is pre-

sented in Sections 6 and 7.

From the above discussion, it is clear that the

minimization of the cumulative cold-start emissions

requires a detailed understanding of the ignition or

light-off behavior, front propagation and the mass transfer

controlled (ignited) regime in the monolith. Each of these

depends on the activity profile, as well as other design and

operating parameters. In the following sections, we

consider these in more detail.
5. Light-off with nonuniform catalyst loading

In this and the next section, we discuss the various design

criteria that are needed for optimal design of the monolith to

reduce the transient emissions. First, we discuss the light-off

criterion which has been obtained in our previous work [22].
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This analytical light-off criterion when satisfied will favor

ignition in the monolith at the inlet fluid temperature Tf;in.

The light-off criterion for the general case of nonuniform

catalyst loading is 
gðPehÞvðjÞ

f ðjÞ
ð�DHRÞCm;inEdcLkvðTf;inÞ

rfcpf
RVūRgT2

f;in

þ 4emax½acðxÞ�
f ðjmaxÞ

ð�DHRÞCm;inEdcRVkvðTf;inÞ
NuH1;1RgT2

f;inkf

!
> 1

(19)

where j ¼ dc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kvðTf;inÞ=De

p
is the washcoat Thiele

modulus at the inlet fluid temperature, jmax ¼
dc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
max½acðxÞ�kvðTf;inÞ=De

p
and Peh ¼ ūLrfcpf

RV=ðkwdwÞ
is the axial heat Peclet number. The functions gðPehÞ; f ðzÞ
and vðjÞ are given as

gðPehÞ ¼
1

ðs2
uÞ

s2
u=ð1�s2

uÞ
; s2

u ¼
2

Peh
� 2

Pe2
h

ð1 � e�PehÞ

1 z< 0:5
�

f ðzÞ ¼
2z z> 0:5

and

vðjÞ ¼
1 j< 0:5
1

L

Z L

0

ffiffiffiffiffiffiffiffiffiffiffi
acðxÞ

p
dx j> 0:5

8<
:

In the above expressions, gðPehÞ describes the influence of

solid conduction and the functions f ðjÞ andvðjÞ represents

the influence of washcoat diffusion in the catalyst. The first

term in the ignition criterion (Eq. (19)) represents ignition at

the reactor scale and the second term in the criterion

represents local ignition. Depending on the magnitude of

the terms, we could determine the nature of ignition in the

monolith. If the first term exceeds unity and the second term

is negligible compared to unity we have a back-end ignition.

For back-end ignition, the monolith ignites first near the exit

of the reactor and the temperature front propagates

upstream with the help of solid conduction. When the

second term exceeds unity (with the first term negligible

compared to the second term), then the ignition occurs at the

location where the catalyst distribution function acðxÞ is

maximum. In this case, the temperature front will propagate

both upstream (with the help of solid conduction) and

downstream (with the help of solid conduction and con-

vection in the fluid phase). If the maximum of acðxÞ occurs

at x ¼ 0, that is at the inlet, then we have a front-end

ignition. [If the catalyst loading is uniform over a finite

length 0< z< z� then the ignition occurs at the front-end of

this section.] When the ignition criterion is barely satisfied

and the magnitude of both the terms is less than unity, it is

always a back-end ignition. It should be noted that there is a

minimum value of kvðTf;inÞ below which there is no ignition

in the converter.
It has been shown previously [17] that the transient times

are lower for the case of front-end ignition, followed by

middle and back-end ignition. Hence, it is advantageous to

place more amount of the catalyst near the inlet to favor

front-end ignition thereby reducing the transient time. From

the ignition criterion, we could distribute the catalyst

such that the function acðxÞ is high close to the inlet. The

criteria that should be satisfied for a front-end ignition can be

written as

4emax½acðxÞ�
f ðdc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
max½acðxÞ�kvðTf;inÞ=De

p
Þ

ð�DHRÞCm;inEdcRVkvðTf;inÞ
NuH1;1RgT2

f;inkf

> 1 (20)

with acðxÞ having a maximum value close to the inlet. Note

that the solid conduction does not appear in the above

criterion and it has been shown [22] that front-end ignition

is independent of solid conduction. Also, higher values of

the term on the LHS of Eq. (20) lead to lower transient times

[22].

As can be seen from the ignition criterion, the washcoat

diffusion has a profound influence. For very low values of

the washcoat thickness, the function f ðjmaxÞ equals unity

and increasing the washcoat thickness decreases the inlet

temperature required for ignition and also the transient time.

But once washcoat thickness increases beyond a critical

value, strong washcoat diffusional limitations exist and the

temperature required for ignition does not decrease any

more and the transient time remains the same. In addition,

higher the value of max½acðxÞ�, lower the value of the inlet

fluid temperature required for ignition. To make effective

use of all the precious metal in the washcoat, the optimum

washcoat thickness that should be used is the maximum

value at washcoat diffusional limitations do not exist. This is

given by

jmax ¼ dc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
max½acðxÞ�kvðTf;inÞ

De

s
¼ 1

2
(21)

When the above criterion for washcoat thickness (or metal

loading) is satisfied, the criterion for front-end ignition can

be reduced to

4emax½acðxÞ�
ð�DHRÞCm;inEdcRVkvðTf;inÞ

NuH1;1RgT2
f;inkf

> 1 (22)

as the function f ðjmaxÞ equals unity for values of

jmax � 1=2.

Our focus till now was to reduce the transient time so that

the cumulative emissions can be reduced. The above two

criteria given by Eqs. (20) and (21) favor front-end ignition

and reduce the transient time considerably. The steady-state

conversion is also as important as the transient time because

for converters operating for times much longer than the

transient times, the cumulative emissions are determined

by the steady-state concentrations. After ignition in the
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monolith we require the entire monolith to be in the mass

transfer controlled regime (with the ignited length of the

monolith Lign is as large as possible) so that the exit

concentration will reach the minimum possible value as seen

in Eq. (18). As mentioned earlier, in the mass transfer

controlled regime the reaction rates are much faster

compared to the mass transfer rates from the fluid to the

solid phase. This defines a minimum catalyst loading

required (so that the reaction rate after ignition is much

higher than the mass transfer rate) and is given by the second

term in the denominator of Eq. (15) being much greater than

unity, i.e.

acðxÞhkvðTs;ssÞdc

kcðxÞ
� 1 (23)

Here, Ts;ss represents the solid temperature after ignition

which is usually Tf;in þ DTad (at steady-state). After

ignition, the solid temperature is high and hence the

washcoat Thiele modulus ðdc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kvðTs;ssÞacðxÞ=De

p
Þ will be

large and the effectiveness factor can be approximated

by

h ¼ 1

ðdc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kvðTs;ssÞacðxÞ=De

p
Þ

(24)

The mass transfer coefficient kcðxÞ can be approximated by

the asymptotic value (ShH1;1Dm=4RV) and the catalyst

distribution function acðxÞ can be replaced by its minimum

value min½acðxÞ�. With these approximations the criterion

for mass transfer controlled (or the lower bound on catalyst

loading) can be written as

4RV

ShH1;1Dm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
min½acðxÞ�DekvðTs;ssÞ

q
� 1 or

4RV

ShH1;1Dm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
min½acðxÞ�DekvðTs;ssÞ

q
> 10 (25)

When the above criterion is satisfied, the entire monolith is

in the mass transfer controlled regime and the maximum

possible conversion (Lign ¼ L in Eq. (18)) is obtained. [The

value of 10 used in the above criterion (Eq. (25)) is arbitrary

and any value much greater than unity should suffice.] The

length of the reactor to achieve the required conversion can

be obtained from Eq. (18).

The above criteria given by Eqs. (20), (21) and (25)

summarize the important design criteria which aim to

reduce the cumulative emissions. These criteria can be

analyzed further by expanding the reaction rate constant in

terms of the temperature. The rate constant can be expressed

as

kvðTÞ ¼ kv0 exp
E

RgTf;in
� E

RgT

� �
where kv0 is the reaction rate constant at temperature Tf;in.

The above criteria can be rewritten as

4e
ð�DHRÞCm;inEdcRV

NuH1;1RgT2
f;inkf

" #
max½acðxÞ�kv0 > 1 (26)
1

De

� �
max½acðxÞ�kv0d

2
c ¼ 1

4
(27)
16R2
V

Sh2
H1;1D2

m

De exp
E

RgTf;in
� E

RgTs;ss

� �" #
min½acðxÞ�kv0>100

(28)

The design parameters are usually the precious metal load-

ing ðkv0Þ, the catalyst distribution along the channel length

(acðxÞ) and the washcoat thickness ðdcÞ. The optimum

washcoat thickness can be easily obtained from Eq. (27)

and Eq. (26) represents the criterion for front-end ignition

(to reduce transient time) and Eq. (28) represents the criter-

ion for mass transfer control (to obtain higher conversion).

The front-end ignition criterion, when satisfied, reduces the

transient time and the criterion for mass transfer control,

when satisfied, gives the maximum possible steady-state

conversion and does not affect the transient time signifi-

cantly. It is easily seen that for typical values of reaction

parameters, Eq. (28) is a more stringent criterion than Eq.

(26).

If the metal loading (kv0) is such that Eq. (28) can be

satisfied easily for uniform catalyst distribution, then we

could redistribute so that the LHS of Eq. (26) is higher and

hence the transient time will be lower. In this case, the value

of min½acðxÞ� could be found such that Eq. (28) is barely

satisfied and we could correspondingly find max½acðxÞ�
which will reduce the transient time further. If the metal

loading is such that Eq. (28) cannot be satisfied for uniform

catalyst distribution (and Eq. (26) is satisfied) then instead of

forcing a front-end ignition by redistributing the catalyst, it

is better to have uniform catalyst distribution. This is

because redistributing the catalyst will reduce the quantity

on LHS of Eq. (28) and hence the steady-state conversion

will be lower. [Note that cumulative emissions also depend

on the time duration the converter will be operated. We

assume that the transient time is small compared to the total

time and hence steady-state conversion will also have a

considerable impact on the cumulative emissions. If the total

time duration of operation is small, then in this case also, it

will be better to have front-end ignition to reduce transient

time though the steady-state conversion may not be high.] In

the extreme case where the metal loading does not satisfy

Eqs. (26) and (28) for uniform catalyst distribution, both the

transient time will be high and steady-state conversion will

be low. We could redistribute the catalyst to favor front-end

ignition thereby reducing the transient time. But the

converter will not reach the mass transfer controlled regime
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and hence the steady-state conversion will still be low. The

above analysis could be summarized as:
� U
niform catalyst loading best for

kv0 2
"

NuH1;1RgT2
f;inkf

4eð�DHRÞCm;inEdcRV

 !
;

100 Sh2
H1;1D2

m

16R2
VDe

exp
E

RgTs;ign
� E

RgTf;in

� � #!

Nonuniform catalyst loading best for
�
kv0 =2
"

NuH1;1RgT2
f;inkf

4eð�DHRÞCm;inEdcRV

 !
;

100 Sh2
H1;1D2

m

16R2
VDe

exp
E

RgTs;ign
� E

RgTf;in

� � #!

Optimum washcoat thickness
�
1

De

� �
max½acðxÞ�kv0d

2
c;opt ¼

1

4

The value 10 used in the criterion for mass transfer c-
ontrolled is arbitrary and smaller this value, smaller is the

range of kv0 values for which uniform catalyst distribution is

better. It should be noted that the above analysis is perfo-

rmed assuming that the transfer coefficients are constant and

can be easily extended to the case where transfer coefficients

vary with position. With varying transfer coefficients, it will

become harder to obtain front-end ignition because of the

Nusselt number appearing in the denominator of the front-

end ignition criterion. Also, it becomes difficult to satisfy the

mass transfer controlled criterion with varying transfer c-

oefficients. When the transfer coefficients are large (than the

constant asymptotic value) near the inlet, the mass transfer

rates will be high and hence the reaction rates after ignition

should be much higher so that the inlet of the converter is in

the mass transfer controlled regime. Hence, near the inlet

(where the transfer coefficients are high) a nonuniform c-

atalyst distribution with more catalyst near the inlet would

actually satisfy the mass transfer controlled criterion easily

compared to uniform catalyst loading. The converse is true

in the fully developed region (when the transfer coefficients

are constant) i.e., uniform catalyst loading would satisfy the

mass transfer controlled criterion easily compared to non-

uniform catalyst loading.
6. Ignition and temperature front propagation times

We have illustrated in the previous section, the effect of

nonuniform catalyst distribution on the cumulative emis-

sions. By distributing the catalyst appropriately along the

length of the channel, it is possible to favor front-end

ignition. The time required to reach the steady state
asymptote can be split into the ignition time and the

propagation time (the times corresponding to OA and AB in

Fig. 2, respectively). This ignition time consists of the heat-

up time and the time required for the solid to reach the

ignition temperature (from the inlet fluid temperature). The

heat-up time is the time required for the monolith to reach

the inlet fluid temperature from its initial temperature. This

process is mainly controlled by heat transfer from the fluid to

the solid (and depends on the channel geometry) as the heat

generated by the reaction is usually negligible during this

period. This heat-up time depends mainly on the difference

between the inlet fluid temperature and the initial solid

temperature. The ignition time of the monolith depends

more on the nature of ignition (front-end, middle or back-

end), and hence on the catalyst loading and the inlet fluid

temperature. It has already been shown [17] that front-end

ignition leads to the shortest transient time while back-end

ignition has the longest transient time. For the case of front-

end ignition, low solid conduction and constant inlet

temperature, the ignition time (tign) can be obtained

analytically by integrating Eq. (4). At the inlet, Tf ¼
Tf;inðtÞ and the transient time can obtained by integrating the

following equation until the solid temperature reaches the

ignition temperature (Ts;ign).

dTs

dt
¼ 1

dwrwcpw

�
ð�DHRÞacð0ÞkvðTsÞCs;indch

� kfNuH1;1
4RV

ðTs � Tf;inðtÞÞ
�

(29)

where

h ¼ tanhðdc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kvðTsÞacð0Þ=De

p
Þ

ðdc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kvðTsÞacð0Þ=De

p
Þ

Cm;in

Cs;in ¼

1 þ ð4acð0ÞRVhkvðTsÞdc=ShH1;1DmÞ

The ignition temperature is given by

Ts;ign ’
RgT2

f;in

E
ln

kf NuH1;1RgT2
f;in

4Cm;inEdcRVð�DHRÞacð0ÞkvðTf;inÞ

" #

þ Tf;in (30)

where Tf;in is the steady-state value of the inlet fluid tem-

perature (in this case 600 K). The above expression is

obtained by differentiating the steady-state version of Eq.

(29) with respect to Ts and equating it to zero. We also make

use of the assumption of positive exponential approximation

and negligible reactant consumption in obtaining the above

result. In the above equations, acð0Þ represents the value of

the catalyst distribution function at x ¼ 0. [Note: For the

sake of simplicity, we approximated the heat and mass

transfer coefficients near the inlet by the asymptotic value.]

From the above equation for Ts;ign, the effect of the reaction

parameters and the catalyst distribution on the ignition

temperature is easily seen. For the special case of constant
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inlet fluid temperature, Eq. (29) can be rewritten as

tign ¼
Z Ts;ign

Ts0

dwrwcpw dTs

ð�DHRÞacð0ÞkvðTsÞCs;indch

� ðkf NuH1;1=4RVÞðTs � Tf;inÞ

(31)

to obtain the ignition time.

Once the monolith is ignited and reaches the ignition

temperature, the temperature front propagates in the flow

direction and reaches the exit of the monolith. The

propagation time (tprop) can be estimated analytically for

the case of the pseudohomogeneous model (where the

temperature and concentration difference between the solid

and the fluid phase are negligible). [The time taken by the

reactor to reach a specified temperature at the exit after the

inlet reaches the specified temperature is called the

propagation time.] The energy balance equation for the

pseudohomogeneous model for low solid conduction can be

written as

dwrwcpw
@T

@t
þūrfcpfRV

@T

@x
¼ ð�DHRÞacðxÞRvðC; TÞdch

(32)

This is a nonlinear hyperbolic equation. The speed of the

temperature front can be obtained from the characteristic

equation of (32) and is given by

dx

dt
¼ ūrfcpfRV

rwcpwdw

and the time required for the temperature front to propagate

downstream to reach the exit of the monolith can be

expressed as

tprop ¼ Lrwcpwdw

ūrfcpfRV
(33)

or in other terms

tprop ¼ tpropū

L

rfcpfRV

rwcpwdw
¼ 1 (34)

where tprop is the dimensionless propagation time. Though

this result is obtained for the pseudohomogeneous model, it

is good even for the two-phase model as long as the

transverse Peclet number is small. The transverse Peclet

number, P ¼ R2
Vū=LDm, is defined as the ratio of the

transverse diffusion time to the convection (residence) time.

For P! 0, the two-phase model reduces to the pseudoho-

mogeneous model. The typical P values used in catalytic

converters are around 0.1–0.3 and for values of P� 1, the

propagation time can be approximated by Eqs. (33) or (34).

The results will be validated by numerical simulations in

Section 8. Hence, the total time taken to reach the mass

transfer controlled regime is the sum of the transient

time given by Eq. (29) and the propagation time given by

Eq. (33). For minimizing cumulative emissions this total
time has to be minimized. [Note: Eq. (33) gives the propa-

gation time only for the case of front-end ignition. It is hard

to obtain analytical expressions for the propagation time for

the case of back-end ignition. Nevertheless, it is clearly seen

that the propagation time for front-end ignition is much

smaller compared to the propagation time in the case of

back-end ignition. Numerical simulations in the Section 8

will illustrate this in a little more detail.]
7. Estimation of cumulative emissions

In this section, we shall obtain an estimate of the

cumulative cold-start emissions for the case of front-end

ignition using the results obtained in the previous sections.

In the transient/kinetic asymptote (OA in Fig. 2), the

cumulative emissions is given by Eq. (17) and is written

as

Cm;exit;OA ’Cm;in; t< tign (35)

where tign is the time taken for ignition to occur in the

monolith.

After ignition (at front-end), the temperature front

propagates and the ignited length keeps increasing. During

this period (A–B in Fig. 2), if the ignited length of the

monolith is in the mass transfer controlled regime, then the

exit concentration can be written as

Cm;exit;AB ’Cm;ina1 exp � ShT;1Dm

4RVdw

rfcpf

rwcpw
ðt � tignÞ

� �
;

tign < t < tss (36)

where tss ¼ tign þ tprop. The above expression for the exit

concentration is obtained by substituting for the ignited

length from Eq. (33) into Eq. (18). After the temperature

front has completely propagated through the channel, the

exit concentration is given by (assuming that the entire

monolith is in the mass transfer controlled regime) Eq.

(18) and is written as

Cm;exit;BC ’Cm;ina1 exp � ShT;1LDm

4R2
Vū

 !
;

tss < t < tfinal (37)

where tfinal is the final time. The cumulative cold-start

emissions (in grams) can now be expressed as

Mcum;total ’
W

rf

� �
Mw

" Z tign

0

Cm;exit;OA dt

þ
Z tss

tign

Cm;exit;AB dt þ
Z tfinal

tss

Cm;exit;BC dt

#

(38)
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Table 2

Standard set of parameter values used for simulations

ū 5 m/s kf 0.0472 W/m K

RV 0.5 mm kw 0.8304 W/m K

ds 150 mm Ar 9:6 � 109 s�1

dc 25 mm ð�DHRÞ 1:6 � 106 J/mol

rf 0.58 kg/m3 E=Rg 10800 K

cpf 1:089 � 103 J/kg K De 8 � 10�6 m2/s

rw 2500 kg/m3 Dm 8:82 � 10�5 m2/s

cpw 1:38 � 103 J/kg K Cm;in 0.12 mol/m3

L 0.1 m W 13.6 g/s

Mw 44

Fig. 3. Variation of inlet fluid temperature with time (approximation of

FTP-75 cycle).
Substituting Eqs. (35) to (37) in the above expression, the

total emissions can be written as

Mcum;total ’
W

rf

� �
Mw

"
Cm;intign þ

Z tss

tign

Cm;ina1

� exp � ShT;1Dm

4RVdw

rfcpf

rwcpw
ðt � tignÞ

� �
dt

þ Cm;ina1 exp � ShT;1LDm

4R2
Vū

 !
ðtfinal � tssÞ

#

¼ W

rf

� �
Mw

"
Cm;intign þ

4RVdwrwcpwCm;ina1

ShT;1Dmrfcpf

� 1 � exp � ShT;1LDm

4R2
Vū

 !( #

þ Cm;ina1 exp � ShT;1LDm

4R2
Vū

 !
ðtfinal � tssÞ

)

(39)

As mentioned earlier, tign is obtained by integrating Eq. (29)

until the solid reaches the ignition temperature (Ts;ign, given

by Eq. (30)) from the initial solid temperature (Ts0). From

the above expression, we could clearly see the effect of

various design parameters on the cumulative emissions.

Only the ignition time (tign) depends on the reaction para-

meters and the steady-state concentration and the propaga-

tion time is nearly independent of the reaction parameters.

[Remark: Eq. (39) is valid only for a front-end ignition and

assuming that after ignition, the monolith reaches the mass-

transfer controlled regime i.e., Eq. (25) is satisfied for all

values of ‘ x’.]

In the above analysis, it is assumed that once the ignition

temperature is reached, the time taken to reach the mass

transfer controlled regime is negligible. We can relax this

assumption and could calculate the ignition time by

integrating Eq. (29) until the solid temperature reaches

the transition temperature ðTs;transÞ. The transition tempera-

ture Ts;trans (the temperature at which the mass transfer

resistance and the kinetic resistance becomes equal, i.e., the

two terms in the denominator of Eq. (15) are equal) is given

by the root of the equation

dc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kvðTsÞacð0Þ

De

s !

¼ 4acð0ÞRVkvðTsÞdc

ShH1;1Dm
tanh dc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kvðTsÞacð0Þ

De

s !
(40)

For the parameter values given in Table 2, the difference

between the ignition and the transition temperature is

around 100–150 K depending on the activity profile. Using

the transition temperature to find the ignition time will be a

more accurate estimation of the total cumulative emis-

sions.
8. Numerical simulations

In this section, we present some numerical simulations

that illustrate the important points discussed in the previous

section. A typical FTP-75 cycle is approximated by a inlet

fluid temperature profile with time as shown in Fig. 3. The

inlet fluid temperature keeps increasing from ambient

temperature (300 K) to 600 K at the rate of approximately

4 K/s. After 80 s, the inlet fluid temperature remains

constant at 600 K. For the rest of the work, we shall use this

inlet fluid temperature profile unless mentioned otherwise.

[For comparison purposes, we shall also consider the case in

which Tf;inðtÞ is a step function (300–600 K at t ¼ 0).] For

the simulations, propane oxidation is considered. Unless

otherwise stated in the figure, the kinetic parameters [27]

along with the other standard set of parameter values as

shown in Table 2 are used for the simulations. The
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Fig. 4. Solid temperature profiles along the channel length at different time

instants for typical parameter values and uniform catalyst distribution.

Fig. 5. Cumulative emissions plot for three different catalyst distribution

for parameter values listed in Table 2.
simulations are done for a total time of 30 min and the

cumulative emissions obtained at t ¼ 30 min are com-

pared.

For the standard set of parameters listed in Table 2, a

uniform catalyst distribution favors a back-end ignition and

the cumulative emissions plot for this case was already

shown in Fig. 2. The solid temperature profiles at different

time instants are shown in Fig. 4. Unless mentioned

otherwise, the initial solid temperature used for the

simulations is 300 K. The cold monolith gets heated by

the incoming fluid and once the monolith is ignited, the heat

transfer is reversed from the solid to the fluid phase. It can be

seen from the figure that it takes approximately 115 s for the

monolith to get heated to the fluid temperature after which

ignition occurs close to the exit of the reactor and the

temperature front travels upstream. Since the temperature

front travels against the flow direction, the speed of the front

is low and is aided only by conduction in the solid phase.

After 30 min, approximately 80% of the channel length is

ignited and the exit conversion is approximately 99.24%.

[Note that after ignition, the second term in the denominator

of Eq. (15) is around 3.6 for set of parameters used.] Also,

the value of kv0 falls in the region where front-end ignition is

not favored and the criterion for mass transfer controlled

operation is not satisfied. Hence, as discussed earlier,

nonuniform catalyst distribution should improve the

performance of the converter. The same set of parameters

is used for the simulation of a two-zone catalyst distribution

with more catalyst near the inlet. The two zones are chosen

such that front-end ignition is favored. The chosen catalyst
distribution are given by

acðxÞ ¼ ac1ðxÞ ¼
3 x< 0:01
7
9 x> 0:01

�

5 x< 0:01
�

acðxÞ ¼ ac2ðxÞ ¼ 5
9 x> 0:01

The cumulative emissions plot for these distributions are

shown in Fig. 5. For comparison purposes we also show the

cumulative emissions for the case of uniform catalyst dis-

tribution. As can be seen, the cumulative emissions for

nonuniform catalyst loading is significantly less compared

to the case of uniform catalyst distribution (more than 30%).

It is also seen that for nonuniform catalyst loading the

ignition occurs around 40–60 s earlier than the uniform

catalyst distribution case. Another important observation

is that the propagation time for the case of uniform catalyst

loading where a back-end ignition occurs is much larger

compared to the case of front-end ignition (with catalyst

distributions ac1ðxÞ and ac2ðxÞ). In Figs. 6 and 7, we show

the temperature profiles at different time instants for the case

of nonuniform catalyst distribution ac1ðxÞ and ac2ðxÞ,
respectively. The monolith ignites close to the inlet and

the temperature front travels downstream. As can be seen,

the temperature front travels much faster (because of con-

vection in the fluid phase and conduction in the solid phase)

and reaches steady-state (where the entire monolith is

ignited) much early as compared to the case of uniform

catalyst distribution. The steady-state exit conversion for

this case is around 99.74 and 99.67% for the catalyst
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Fig. 6. Solid temperature profiles along the channel length at different time

instants for typical parameter values and catalyst distribution ac1ðxÞ.
distribution ac1ðxÞ and ac2ðxÞ, respectively. The transient

time is lower for the catalyst distribution ac2ðxÞ than ac1ðxÞ
because of more amount of catalyst near the inlet, but it has

the disadvantage of lower conversion because of less amount
Fig. 7. Solid temperature profiles along the channel length at different time

instants for typical parameter values and catalyst distribution ac2ðxÞ.
of catalyst (which makes it difficult to attain the mass

transfer controlled regime) in the rest of the channel section.

[Note: For the case of uniform catalyst distribution we

had a back-end ignition with 80% of the channel length

ignited. But if the parameter values are such that uniform

catalyst distribution favors a back-end ignition with only

40–50% of the channel length ignited, then the cumulative

emissions would be much higher and a nonuniform

catalyst distribution for this case would yield 70–80% less

emissions.]

For higher values of the catalyst loading (kv0), which

satisfies the front-ignition criterion for uniform catalyst

loading and does not satisfy the criterion for mass transfer

control, nonuniform catalyst loading may not improve the

performance of the converter. This is because redistributing

the catalyst to reduce the transient time further, might

decrease the steady-state conversion. In the section of the

catalyst where the amount of catalyst is low, the reaction

rates after ignition will be comparatively low (the second

term in the denominator of Eq. (15) will be small compared

to its value in the zone where the amount of catalyst is high)

and hence this section of the monolith may be far from the

mass transfer controlled regime. Hence, for these values of

kv0 uniform catalyst distribution is better. As mentioned

earlier, if the total time is not high compared to transient

time, then even in this range of kv0, nonuniform catalyst

loading is better. For much higher values of kv0 which

satisfies the criterion for both front-end ignition and mass

transfer control (for uniform catalyst loading), we could find

a value of min½acðxÞ� such that the criterion for mass transfer

control is barely satisfied and redistribute this excess catalyst

such that there is more catalyst near the front. This would

make sure that the entire monolith is still in the mass transfer

controlled regime to achieve good steady-state conversion

and would also reduce the transient time further because of

more catalyst near the inlet. We do not show plots

illustrating this, as it can be seen intuitively.

The influence of the catalyst loading (kv0) (or the

frequency factor) on the cumulative emissions (and the

transient time) can be seen in Fig. 8. The cumulative

emissions after 30 min is shown as a function of the catalyst

loading for three different catalyst distributions. For very low

catalyst loading there is no ignition in the monolith for all

three catalyst distribution. As the catalyst loading increases

for uniform distribution, back-end is first favored and then as

Ar increases further front-end ignition is favored. The

cumulative emissions keeps decreasing as the transient time

decreases as we increase Ar. Similar behavior is observed for

the two-zone distribution. One important observation is that

for the two-zone distribution, the minimum value of Ar

required for ignition is smaller and front-end ignition is

favored easily, as expected. A second important observation is

that for all catalyst distributions, the cumulative emissions

decrease very slowly once the catalyst loading exceeds a

critical value (’ 1:0 � 1010 s�1 in this case). The reason for

this can be seen in Fig. 5 and Eq. (17). For t < tign,
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Fig. 9. Cumulative emissions plot for different washcoat thickness and

uniform catalyst distribution (with all other parameter values in Table 2).
Fig. 8. Cumulative emissions obtained after 30 min as a function of the

catalyst loading for different catalyst distributions (with all other parameter

values in Table 2).
the emissions are nearly independent of the catalyst loading

and this transient period contributes to the emissions.

Another important design parameter discussed in the

previous section was the washcoat thickness (dc). Fig. 9

shows a plot of the cumulative emissions for different

washcoat thickness for the case of uniform catalyst

distribution. For very low washcoat thickness (less than

the washcoat thickness required for ignition, dc;ign), there is

no ignition in the monolith and the cumulative emissions are

high. As the washcoat thickness increases, initially back-end

ignition is favored (the transient time is high and steady-state

exit conversion is low) and the nature of ignition shifts to

middle ignition (with moderate transient time and moderate

steady-state exit conversion) and for high values of washcoat

thickness, front-end ignition is favored (transient time is low

and steady-state exit conversion is high). This behavior is

easily seen in Fig. 9. For dc ¼ 10mm, there is no ignition in

the monolith and for dc ¼ 17 and 20 mm, back-end ignition

is favored and for dc ¼ 30 and 50 mm, middle ignition is

favored. For washcoat thickness values higher than 80 mm

front-end ignition is favored. But as the washcoat thickness

is increased further, the transient time keeps decreasing until

a critical washcoat thickness (dc;opt) is reached. Beyond this

critical washcoat thickness, the transient time does not

decrease any further because strong diffusional limitations

starts to exist in the washcoat and increasing the thickness

any further does not improve the performance of the

monolith. This critical/optimal washcoat thickness is given

by Eq. (27). For the standard set of parameters listed in
Table 2 and for uniform catalyst distribution this optimal

value of the washcoat thickness is approximately 115 mm.

Though not shown in Fig. 9, for values of washcoat thickness

higher than this value, the transient time and cumulative

emissions do not decrease any further. Similar behavior can

also be seen for the case of nonuniform catalyst loading with

more catalyst near the inlet. The only difference that would

be observed is that the range of value of washcoat thickness

which favors back-end or middle ignition would be very

small. Fig. 10 shows the cumulative emissions for the

nonuniform catalyst distribution ac1ðxÞ. For dc ¼ 10mm,

there is no ignition in the monolith and for dc ¼ 15mm, there

is a back-end ignition but the ignited length is small and

hence the conversion is low. We find a middle ignition

(closer to the inlet) for washcoat thickness values of dc ¼ 16

and 17 mm. Front-end ignition (along with good steady-

state exit conversion) is favored when the washcoat

thickness is greater than 20 mm. The critical or optimal

washcoat thickness for this case is approximately 70 mm

and for washcoat thickness values greater than this optimal

value, the improvement in the performance of the monolith

is negligible.

Fig. 11 shows the influence of washcoat thickness on the

cumulative emissions for different catalyst distributions.

The cumulative emissions obtained after t ¼ 30 min is

shown as a function of the washcoat thickness for different

catalyst distributions. For the case of uniform catalyst

distribution, there is no ignition till approximately 15 mm.

As the washcoat thickness is increased beyond this critical
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Fig. 11. Cumulative emissions obtained after 30 min as a function of the

washcoat thickness for different catalyst distributions (with all other para-

meter values in Table 2).

Fig. 12. Transient time shown as a function of the catalyst loading at the

inlet [Aracð0Þ] for different initial solid temperatures and for the FTP cycle

and constant inlet fluid temperature case (with all other parameter values in

Table 2).

Fig. 10. Cumulative emissions plot for different washcoat thickness and

catalyst distribution ac1ðxÞ (with all other parameter values in Table 2).
value, initially back-end ignition if favored and as dc

increases further, middle ignition is favored followed by

front-end ignition. The cumulative emissions (and the

transient) time keeps decreasing and as can be seen the

cumulative emissions does not decrease any further beyond

the optimal washcoat thickness (approximately 115 mm).

For the two-zone catalyst distributions, the minimum

washcoat thickness required for ignition is lower and are

14 and 10 mm for the catalyst distributions ac1ðxÞ and

ac2ðxÞ, respectively. For the two-zone distributions, since

there is more catalyst near the inlet, range of values of the

washcoat thickness that favors back-end ignition is small

compared to the uniform distribution case.

We now consider the transient and propagation times in

the monolith. For the simulations with front-end ignition, it

is easily verified that the transient time obtained from Eq.

(29) matches very well with the simulations. Fig. 12 shows a

plot of the transient time obtained as a function of Aracð0Þ
for different values of the initial solid temperature for

both the typical FTP cycle and for a constant inlet fluid

temperature. As the catalyst loading near the inlet (Aracð0Þ)
increases, the transient time keeps decreasing and after a

certain value, the transition time becomes zero. This is

because after a certain catalyst loading, the transition

temperature (obtained by solving Eq. (40)) becomes very

close to the initial solid temperature. The figure shows the

influence of the catalyst loading on the transient time for

cases where the inlet fluid temperature changes according to

the FTP cycle and for cases where the inlet fluid temperature

remains a constant at 600 K. As expected, as the initial solid
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Fig. 13. Dimensionless propagation time shown as a function of the channel

length for different solid temperatures for Ar ¼ 9:6 � 1010 s�1 (with all

other parameter values in Table 2).
temperature increases the transient time decreases. Also,

since the FTP cycle takes approximately 80 s to reach a inlet

fluid temperature of 600 K, the transient time for this case is

much higher than for the case of constant inlet fluid

temperature.

To analyze the accuracy of the propagation time given by

Eq. (33), simulations are carried out for different channel

lengths and the propagation time (for different temperatures)

is plotted. Fig. 13 shows the dimensionless propagation time

for different channel lengths. The different curves in the

figure represent the propagation time for different tempera-

tures including the transition temperature (Ts;trans), which is

approximately 670 K for the standard set of parameters used

with Ar ¼ 9:6 � 1010. A high value of Ar (or kv0) is chosen

so that front-end ignition is favored. [The time taken by the

reactor to reach that specified temperature at the exit after

the inlet reaches that specified temperature is plotted for

different channel length and different temperatures.] As can

be seen the dimensionless propagation time is of the order of

unity (and ranges between 0.8 and 1.2). As said earlier, for

small transverse Peclet numbers (larger channel length) the

propagation time is much closer to unity than for large

transverse Peclet numbers. If there is no solid conduction,

then the propagation time does not depend on the reaction

kinetics but for very low solid conduction the dependence of

the propagation time on the front velocity is significantly

small. Hence, for all practical purposes, to arrive at an

reasonably accurate propagation time Eqs. (33) or (34) is

sufficient.
Hence, for an optimal design of catalytic converters,

front-end ignition (which can be predicted using Eq. (20))

should be favored in the converter by redistributing the

catalyst appropriately, the entire monolith should be in the

mass transfer controlled regime (as given by Eq. (25)) and

the transient time (ttrans) and the propagation time (tprop),

given by Eqs. (29) and (33) should be as small as possible.
9. Discussion

The cumulative emissions from a catalytic converter

depends on both the initial transient period and the steady-

state exit concentration. Cumulative emissions can be

minimized by reducing the transient time and increasing the

steady-state conversion. Though there are other design

parameters (such as the solid conductivity, channel

geometry, channel dimensions) that could be manipulated

to contribute towards optimal design, our focus in this work

was limited to studying the effect of the catalyst loading, the

catalyst distribution along the channel length and the

average thickness of the washcoat on the cumulative

emissions. We presented design criteria and showed that

by redistributing a fixed amount of catalyst appropriately, we

could achieve better transient and good steady-state

performances. A two-zone catalyst distribution with more

catalyst near the inlet reduces the cumulative emissions

substantially compared to the case of uniform catalyst

loading. The design criteria and numerical simulations

presented here also show that there is an optimal washcoat

thickness and/or catalyst loading beyond which the

performance of the converter does not improve substantially.

Below this optimal washcoat thickness, the transient time is

usually high and hence the cumulative emissions are higher.

The design criteria as well as the numerical results

presented here (e.g. Figs. 5 and 12) indicate that a significant

part of the cumulative emissions come during the initial

period t ¼ 0 to t ¼ tign (kinetic regime). As shown here, this

ignition time is insensitive to the catalyst loading or

washcoat thickness provided these exceed some critical

values. Thus, further reduction of tign requires other

strategies such as heating the inlet gas (during the first

60–100 s) or coupling the converter operation to the cold-

start engine operation. While electrical heating of the

monolith is considered in earlier studies [16], our results in

figure 12 indicate that the heating of the inlet gas is more

efficient (and perhaps more practical) than heating the solid.

[This is because of front-end ignition and very efficient heat

transfer between gas and solid near the inlet to the monolith.]

The main results of this work can be extended easily to

nonlinear kinetics and multiple reactions as in the case of

three-way converters. We note that the steady-state

conversion of each species (in the mass transfer controlled

regime) can be calculated from Eq. (18) and depends only on

the species inlet concentration and diffusivity in the gas

phase. Likewise, the temperature front propagation time (for
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front-end ignition) is independent of the kinetics and

remains the same. However, the ignition time as well as the

ignition criterion change and their modifications can be

obtained by replacing the heat generation rate for single

reaction:

Q ¼ ð�DHRÞacðxÞRvðCs; TsÞdch

by the heat generation rate for multiple reactions

Qmultiple ¼
XNR

i¼1

ð�DHRÞiacðxÞRvi
ðCs; TsÞdchi

and hi can be found by solving the washcoat diffusion–

reaction problem. Thus, with this modification of tign, the

results presented here are applicable to the more general case

and the qualitative features and optimal design criteria

presented here are not expected to change. A complete

analysis of the three-way converter with detailed kinetics

will be presented in a future publication.
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